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THE ISOTHERMAL COMPRESSIBILITY OF 

FROZEN SOIL AND ICE TO 30 KILÜBARS AT -IOC 

by 

Edwin Chamberlain and Pieter Hoekstra 

INTRODUCTION 

The objective of this piogram was to investigate the compressibility of frozen soils and 
ice in the pressure region of 0 to 30 kbars at -IOC.  The data were obtained for use in model cal- 
culations for mound and cavity growth and shock wave transmission during a nuclear or high-ex- 
plosive craterinJTevent in frozen ground.  The wide variation of the properties of in situ frozen 
soils with location precludes the direct use of the reported test results for a particular site. 
Therefore; emphasis has been placed on isolating the physical properties of frozen soils that 
determine the compressibility so that the compressibility of in situ frozen soils can be predicted 
from convenient measurable parameters. 

Frozen soils consist of a matrix of mineral grains with pore spaces that may be filled with 
ice (water) and air. The problem of prediction of compressibilities falls into two categories: 
those for saturated frozen ground and those for partially saturated frozen ground.  For saturated 
frozen ground the compressibility can be predicted from the constituent components, ice and min- 
eral. The required parameters are the volumetric proportions and the compressibilities of the min- 
eral components and the ice.  For partially saturated frozen ground, in addition to these parameters, 
the closure of the pore spaces due to the crushing of the grains must be evaluated.  This problem 
remains partially unsolved.  As will be demonstrated, this appears to be significant only for soil 
with a low degree of saturation. 

Bridgman (1911, 1912, 1914, and 1937) was the first to investigate the compressibility of 
water and its many ice phases to high pressures. His work is the basis for this discussion. Other 
investigators (Whalley et aJ., 1966; Brown and Whalley, 1966, Wilson, et al., 1965 ) have studied 
the phase diagram of water in the pressure-temperature plane bat have not made volume change 
observations. 

Numerous investigators (Adams and Williamson, 1923; Bassett et a/., 1968; Bridgman, 1964. 
Brown et a/., 1967. Stephens, 1964; Stephens and Lilley, 1966; Walsh, 1965, a.b) have studied the 
compressibility of minerals, soils, and rocks to high pressures. 

A piston-die device with which a uniaxial load is imposed on a lead-encapsulatRd specimen 
was used for these tests. The lie restrains the encapsulated specimen from lateral expansion. 
Load and deformation measuremeats are continuously recorded.  The compressibility of gold is 
used as a star.üard to provide a continuous calibration of the loading apparatus. 

The techniques and operational procedures we c developed with the aid of personnel of the 
Lawrence Radiation Laboratory, Livermore, California. 
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APPARATUS 

The experimental procedure and isothermal compression apparatus are similar to those 
described by Stephens (1964). The test samples were nominally 1.168 mm in diameter and 2,540 
mm long. Each was encapsulated in lead and compressed between two 1.27-cm-diam carbide 
pistons while confined in the bore of a die plate (see Fig 1 and 2). Hardened steel rinp;s and plugs 
prevented extrusion of the lead. 

The piston was loaded by a Tinius-Olsen Universal, scrtw-type testing machine (see Fig: 
3) at a rate slow enough to obviate any compressive heating effects (• 40 rain/cycle).  The tests 
were conducted in a coldroom maintained at approximately -IOC. To obtain a more precise temp- 
erature control, a coolant was circulated through coils attached to the die plate.  The coolant was 
maintained at a temperature of -10 i 0.5C by a constant temperature bath.  The die temperature 
was sensed by a glass bead thermistor and recorded at intervals. The piston displacement was 
measured by a linear film potentiometer and the load by a load cell. The load and displacement 
were recorded on an X-Y plotter.  Typical records are shown in Figures 4 and 5. 

Figure 3.  Isothermal compressibility test apparatus. 
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Figure 4.   Example ol X-Y plots lor saturated frozen soil (2nd compression curve). 
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Figure 5.   Example o( X-Y plots lor gold (3rd compression curve). 
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SAMPLE OUTRIPTION 

The relevant index properties and Kradations of the materials tested are shown in Table I 
and Figure 6.  Tlw test specimens included two soils   West Lebanon glacial till (WLGT) and 
Ottawa banding sand (OWS).  They were prepared at various degrees of saturation (see Table II). 
In addition, tests were conducted on dear polycrystalline ire. 

Ottawa baudlag saad 

This material was well rounded, well sorted  quartz sand with a median diameter uf 100 ^ 
and 100% of the material falling between 74 and 149 p.  The maieru.1 was selected for its high 
porosity and granular nature, to allow sands and gravels to be modeled.  The nature of the test 
program restricted the maximum particle size to 149 ft,  Th • monoonneralic structure of the sand 
permitted more meaningful comparison with previous results for pure quartz. 

»eat Lebaaos glacial till 

This material was an extremely well graded till with particles having a maximum dL'tieter 
of 149^1 and a mean diameter of 36 /i.  This paduion contained a high percentage of fine-grained 
materials in contrast to the gradation ol Ottawa banding sand.  Thin material was cut from a 
boundary till and in its test form was classified silt (ML) according to the Soil Classification 
System. 

IM 

This material was a cltat polycrystalline colutmar ice having a maximum gram diameter of 
0.6 cm. with the .. -axis in the direction of compression. 

us sro sieve size 
too        200 

too 

3*flE 

001 
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Figure 6.  Gradatioas of (At noil* tested. 
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8PECIMBN PREPARATION 

All soil specimens were prepared in 1.168-cm-ID lead capsules approximately 3.2 cm long, 
with a wall thickness of 0.051 cm. The specimen length was approiimately 2.4 cm.  This provided 
approximately 0.8 cm excess lead for sealing the capsule. 

The West Lebanon glacial till specimens were compacted wet by tamping with a 1.15-cm- 
diam rod.  The Ottawa banding sand specimens were compacted dry by vibration.  The water 
content of each specimen was adjusted to the desired value after compaction.  Saturated soil 
specimens were wetted under vacuum.  All soil specimens were frozen rapidly in a -IOC coldroom 
and allowed to temper for at least 24 hours. 

The ice specimens were frozen from de-aired distilled watet in a 7.5-cm-dlam plastic tube, 
machined to size, and placed in the lead capsules. The ice specimens were also tempered for 24 
hours at -IOC. 

TUTINO PROCEDURE AND DATA EVALUATION 

The primary data were generated by loading and unloading the test samples to and from a 
pressure of approximately 30 kbars. The load and the corresponding displacement signals were 
recorded continuously (Fig. 4, 5). the recordings resulted in a loop.  This hysteresis was primarily the 
result of the internal friction in the test specimen, the friction between the lead and the wall 
of the die bore, uid the tireversible closure of soil voids.  The techniques used to correct 
for friction required a closed loop. Thus, each specimen was subjected to several compression 
cycles until a closed loop was obtsmed. 

The friction was assumed to be equal upon loading and unloading; the average of the two 
trsces represented the compressibiltr- of the material.  The friction increased with load.  The 
friction-load relationship was assumed to be unique for each material and not influenced by heat 
of compression or by structural changes from one cycle to the next.  For the partially saturated 
soil samples, the compressibility was obtained from the first compression curve inasmuch as the 
subsequent compressions resulted in the irreversible closure of the soil voids.  The friction 
correction for the first compression cycle was obtained (Tom the closed-loop compression curve. 
For the fully saturated specimens and polycrystallme ice, the friction-corrected closed-loop com- 
pression curve was used to compute the sample compressibility.  It was assumed that there was 
no material loss during the loading and unloading cycles.   In many cases, the lead capsule con- 
taining the soil specimen ruptured, resulting in a moisture loss.  These tests were disregarded. 

After friction corrections were applied, the loading-unloading curves lor the fully saturated 
specimens and for the ice still exhibited some hysteresis (see Fig.4).  This hysteresis is probably 
related to the rate effects associated with the phase transition. 

To correct for mechanical effects external to the Hample a differential technique was used 
the compressibility of the test specimen was compared with that of gold (Bndgman. 1940, 
Stephens and Lilley, 1967).   Every second sample tested was gold. 

To adjust the displacements of the gold samples and the displacements of the test sample 
to a common datum further correction was applied.  Each test sample was preloaded to 50 lb.  This 
load was selected because it was large enough to cause seating of the seals but not so larg" as 
to cause significant deformation of the test sample.  The load was released, the piston was removed 
and the depth to the upper seal D (See Fig. 7) was measired with a depth micrometer.   The piston 
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i Oi - 

o  Tt«i  Sptomtn b Gold  Sp«cim«n 

Figure 8.  Specimen configuration before and after loading. 

was replaced and tlic test continued    Dial guuce readings were observed at a SO-lb load before and 
alter loading    For the gold samples, the difference lietween these readings repiesented the residual 
displacement required to fill all voids lietween the seals with lead (the lead would flow under 
pressure).  This piston displacement is called tlie set S    It is plotted versus D tor gold in Figure 
7, resulting in the linear expression 

O.SQf.    0.%r.D . (1) 
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The normalizing of the gold runs to the soil or ice runs is accomplished in the following 
manner.  The set S corresponding to the D far the test sample is found from eq 1.  The set 
correction Sc required to adjust the apparent axial deformation of the gold \K.m to the same datum 
as the test specimen is equal to the difference between the calculated set for the test sample and 
the measured set for the gold (see Pig 8).  The adjusted anal deformation of the gold V      at 
any load F is thus 

<•■ '«•« (t) 

The use of this relationship reouires that the same total volume of material be contained between 
the seals for all runs. 

Another correction was made to account for the expansion of the die bore under pressure. 
Stephens and LiUey (1967) gave« table relating the true pressure P to the apparent pressure P, 
Pitting a straight liiie to their data resulted in the following relationship 

P      0.968 P, (3) 

The :rue change in the volume of the test specimen NC, is related to the apparent change 
in the volume of the test specimen W,^. Hie apparent change in the volume of the gold specimen 
Al^     . and the true change in the volume of the gold specimen   W  in the following expression 

W. w • »■ w K"" w. (4) 

The apparent change in the volume of the gold is equal to the average value for the (:old runs 
before and after loading. 

Pigure 8 illustrates the specimen configurations before and after loading.  The assumed 
deformation under load is cylindrical.  Th • actual deformed shape is probably more barrel-like, 
but the difficulties in the evaluation of su h a shape lead us to the cylindrical approximation. 
The apparent change in the volume of the test specimen hVttm >> found as follows 

W. • •« 

tnD* 
— -(# 

4 

nD? 

-Am 'or^.op- (5) 

Prom eq 3 the die bore diameter at any pressure (^ can be related to the die bore diameter at 
atmospheric pressure D^ by the following expression 

Of 0.088 
(6) 

Substituting eq 6 in eq 5 gives 

i    \      0.988    0.988' 
W. C) 

■ *■ 
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Similarly: 

•*■ 4   \      0.988     0.988 / (8) 

Prom Bridgman's (1940) work, w« find that M^. at -IOC can be eipresaed in terms of the 
true pressure P and the initial volume V'' as follows 

\VU       »J (s.eSO « 10-4P - 7.235 M 10'7P*]. <9> 

By substituting 1.27 cm for C^ eq 4. 7, 8 and 9 reduce to the following expression for the true 
change in volume of the test specimen \l's 

,\Vt   -   1.282   (Ai+ll-A^^   ^j/5.650x 10-4P-7.23Sx lo'P8) (10) 

Hie results of the tests reported given in the relative volume V? V® versus true 
pressure P plane.  The relative volume is found as follows 

I'P/yO      1    WJV^. (11) 

where V0 is the volume of the test specimen at atmospheric pressure and -10C 

THE COMPRESSIBILITY OF ICE AT -10C 

Essential to tt.e study of the compressibility of ice is a discussion of Mie phase diagram 
of water.   Bridgman (1911. 1912. 1914. 1937) published several articles which are still the mam 
source on the phase diagram of water and ice.  Although the transition pressures in the phase 
diagram of water have been studied by others since 1937. these studies have been concerned with 
properties of water other than compressibility and specific censity, the properties of main interest 
here. 

Figure 9 illustrates the phase diagram of water as it is known today  This figure shows 
that the following transition will occur during the isothermal coii<pressibility of ice at -10C.  At 
a pressure of 1 11 kbars ice I will melt to the liquid phase (water)   If the pressure is raised 
further, the liquid phase will freeze to ice V at a pressure of 4.42 kbars.  Upon continued pressure 
increase, ice V will undergo a polymorphic transition to ice VI at a pressure of 6.25 kbars. 
Finally ice VI will transform into ice VIII at a pressure of 20.8 kbars.  The densities and the 
specific volumes of the various water phases at different temperatures and pressures may be 
extracted from Bridgman's data (1911. Tables XXV and XXX. and 1937. Table I). 

TTi« specific volume of ice I at ÜC and aimosplienc pressure is given in Table III as 
1.0900 ctn'/g.     It is assumed that the coefficient of thermal expansion of ice I is small, there- 
fore, the specific volume of ice I at -10C is also 1.0900 cm'' g.   From the same table the specific 
volume of ice I and water at the transition point of 1.11 kbars and -10C can be interpolated as 
1.0664 and 0.9544 cm' K- respectively.  Other points on the specific volume-pressure curve are 
determined below. 

Table IV gives the specific vi limit- of water and ice V at the transition points for various 
temperaures.  The water-ice v' transition at -10C occurs at 4.42 kbars.  At a temperature of -10C 
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t&OO 1.47 - 14 0 09414 1201 1.0615 
snoo 196 ~X.:\ 09253 1316 10571 

•   Bndgmu. 1911  uftM t^^ Ubi, xxx 

'    I k( cm'      0.98 . 10"kkwa 

Tau IV. ■^e.,,. ,*.-. * „.u. .* 1€. v o. lä. .wmwm ^^ 

Vn/ic SprciUc Spto/ic 
vol. «1 vol vo*  of 

Pteixure Previurf Temp *Mt cktagt ICO 
IWem*! (kbtn) t rt) Icm'/gt fM'/ftf (cm' gt 

3500 3 43 -17.0 06670 0 0785 08065 
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Tiki« V.   Specific volnne chaaf r OB the Ice V • Ice VI equlllbrlutn curve* 

Specific 
Ml. 

PrtMBun Pressure Timp. chaag» 
(kg/em't Ikbtral (tl (em'/g) 

6365 es« -80.0 o.oasoo 
6570 e.e6 -16.0 .or»» 
6874 e e& -10.0 ^47 
6877 e.86 - 6.0 U3M6 
easi e.es 0.0 .05886 

*   BndfmM. 1911. UkOT rrom T.l.le XXV 
t   1 kg cm'      O.ee « 10'* klNirs 

Table VI.  Specific volwee chaaite on the Ice VI ■ Ice VU  equlllbrlan carve* 

Ptwtn 
Ikg/cm't 

Prmamn Temp 

Sptcific 
vol. 

cbug» 
<em'/g) 

SS.000 81.A - 0.0 0.0687 
88.8&0 81.8 80.0 .0670 
82.860 81.» 40.0 0678 

*   Bndjfmin 

1   1 kg cm' 
1087. taken from T.ble I 

0.98 « 10'' kbar* 

and a pressure of 4.42 kbars the specific volume of water Is interpolated as 0.8688 cm'/g.  At the 
same remperature and pressure the specific volume of Ice V Is interpolated as 0.8012 an'/g. 

! rom here on It becomes more difTicult to find reliable data.  Although Bridgman was most 
successful In obtaining the volume changes occurring at the phase changes, he had great difficulty 
measuring the compressibilities of the various phases of water.  He did. however, develop specific 
volume data for ice and water along tiieir equilibrium curves. 

From the equilibrium data for the ice V   water transition (Table IV) it is possible to 
approximate the specific volume of ice V at -10C.  At a pressure of 6.2S kbars and a temperature 
of '0.2C the specific volume of ice V is interpolated as 0 7907 cm' K    It is assumed that changes 
in pressure havo a much greater effect than changes in temperature on the specific volume of ice 
V.  The volume change associated with the temperature difference of 10.8C is neglected and the 
specific volume of Ice V at 6.28 kbars and -10C la assumed to be 0.7907 cm'/g.   For the phase 
transition of Ice V to ice VI at -10C. Table V gives the change in volume as 0.03847 cm'/g. The 
specific volume of Ice VI at -10C and 6.25 kbars is thus 0.7907-0.0885     0.7522 cm'/g. 

The volume of Ice VIII at -10C and 20 8 kbars Is the next calculation to be made    Bridgman 
did not recognlte this phase of ice but thought it to be Ice VII. Ice VIII was first obnerved by 
Brown and Whalley (1966) and Whalley et ai (1966). us ng dielectric techniques.  Thev did not 
provide data for ice VIII.   However, they did suggest i ^at the volume change associated with the 
ice VII to ice VIII transition is very small (0 ♦ ^ 2.78 > 10- cm'/g at the ioe VI-VH-VID triple 
point). 

With this in mind, we can approximate the volume of ice VIII.   From Bridgman"s work, we 
find that ice VII has a specific volume of approximately 0.60 cm'/g at room temperature and 
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Table VII.   Compreaslblllty of ice 

Phase Pressure 
Ikbgrst 

Sptcihc 
vol. 

(em'/g) 

Reltuve 
vol. 

Temperatur« -IOC 

iMl 00 1.0900 1.000 
lc«I 1.11 1.0064 0.978 
Waur 1 11 0.9544 0876 
«a Mr 4.41 0 868« 0 796 
lc« V 442 0.8012 0 738 
Ic« V - J:. 0.7907 0.786 
lc« VI 0 25 07622 0.690 
Ic« VI »8 0.708 0 644 
Ice VIII aos 0645 0.592 
Ic« VIII 49 1 

Temperatur« 

C60 

♦ 5C 

0.55 

Wairr 00 0.999« 1.0000 
Water 6.87 8370 0.8370 
Ic« VI 887 7488 0.7488 
Ic« VI 81.7 .702 0.702 
Ic« VIII 21.7 645 0.645 
Ic« VIII 49 1 .60 0.00 

*   Calculated from eipenmental data reported by Bndxnian (1911, 1937). 

49.1 kbars. We assume that the temperature effect on the specific volume of ice VII is small in 
comparison with pressure effects.   Furthermore, we assume that the volume change associated 
with the phase transition of ice VII to ice VIII is negligible and that ice VIII exhibits the same 
compressibility as ice VII.  Thus, the specific volume of ice VIII at 49.1 kbars and -10C is 0.60 
em'/g.  The volume change ussoriated with a pressure increase from 19.6 to 44.1 kbars for ice 
VII is given by Bridgman (1937) us a mean value of 0.039 on'/g.  We assume that this value is 
representative in the pressure range of 20.S to 49.1 kbars at -10C.   The resulting volume change 
for ice VIII at -10C from 49.1 to 20.8 kbars is 0.045 em'/g.  The specific volume for ice VIII at 
-10C and 20.8 kbars is. thus. calculKled to be 0.60 » 0.045      0.645 em'/g. 

The volume change of ire VII to ice VI at the transition temperature of -10C and 21.4 kbars 
is extrapolated from Table VI to be 0.057 em'/g.  We assume that this vs'.ue holds for the volume 
change of ice VIII to ice VI at -10C and 20.8 kbars.  The resulting specific volume for ice VI at 
-10C and 20.8 kbars is 0.645 . 0.057      0.702 em'/g.  This completes the calculationa for the 
compressibility of ice at -10C from 0 to 49.1 kbars.  The results are tabulated in Table VII and 
illustrated in Figure 10.   The compressibility of each phase is assumed to be linear. 

Similar calculations can be performed at other temperatures.   In Figure 10. the compres- 
sibility of water at ■5C is plotted along with the compressibility of ice at -10C.  Ice to more 
compressible than water, therefore, saturated frozen ground would be expected to be more com- 
pressible than saturated unfrozen ground. 

Figures 11 through 13 and Tables AI-AIIl. Appendix A. give test results for the isothemul 
compressibility of ire.  The compressibility as predicted from Bndgman's data is plotted for 
comparison. The variation of the test results (torn Bridgman's results ran be attributed primarily 
to rate effects.   Bridgman (1911) reported that the change in the volun*- of the phase changes was 
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Figure 12.  Isothermal compressibility of 
ice, specimen 43. 

Figure 13.  Isothermal compressibility ot 
ice. specimen 44 

time dependent; e.g.. the time for completion of the liquid-solid reaction was about two hotrs on 
the ice Miquld boundary.  The solid-solid reactions were nearly explosive near the triple point 
but were slow at other points.  The time allotted for the tests reported here (   40 mm cycle) was 
probably inadequate to allow complete phase transformations at the transition pressures. 

The slightly greater compressibility of the re jits reported might be explained by the pres- 
ence of microscopic air bubbles.   An included air volume of approximately l\ would account for 
the differences. 

Bridgman (1911) found that ice V nucleated only in the presence of glass splinters.  Two 
of the three Ice specimens tested showed the liquid-ice V transition.  However, for specimen 43 
(Fig 12) ice V did not nucleate and the liquid phase froze to ice VI upon loading beyond the liquid- 
ire V transition. In all tests ice V was observed on the unloading cycle: this is consistent with 
ßndgman's results. 
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THE COMPRESSIBILITY OF FROZEN SAND AND SILT AT -IOC 

The results of the isothermal compressibility tests on trotm sand and silt are given in 
Appendix A and in Figures 14-28. 

It was smgested in the introduction that only a few material properties were needed to 
estimate the compressibility of froren ground.  This problem has been discussed by Brace (1965) 
and Stephens (1964) for rocks. The general approach has been to average the compressibilities of 
the minerals making up the rock. Two kinds of averages have been employed   the Reuss average 
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and the Voigt ivertRe.  The Reuss average S, la Riven by 

*, ^ Val'  VbBb<  VcBc   *  •• <12> 

wlnTf W . \'u. etc. are volun« percentages of t*ie minerals in (he rock, and B . H,   etc. are the 
volume compressibilities of the minerals.  The Reuss average provides an upper bound.  The lower 
bound, the Voigt average Sv  is given by 

1/BV      V./B,   ,   V^   »  VBc   ' (13) 
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The Rouss averaging method assumes uniform distribution of stress throughout the matrix and neg- 
lects (he difficulty in fitting the distorted grains together.  The Voigt model assumes a uniform 
strain throughout the matrix and neglects the non-equilibrium stress conditions that exist.  If 
discrepancies occurred between the predicted compressibilities given by eq 12 and 13 and the 
measured values, porosity or alterations of the minerals in the rock were listed as causes. 

The prediction of the compressibility of froren soil is analogous to that of rock.   Fully and 
partially saturated frozen ground are discussed separately. 

THE COMPRESSIBILITY OF* FULLY SATURATED FROZEN GROUND 

A saturated frozen uround can be considered as a rock made up of two component«:   ice and 
mineral particles.  The compressibility of saturated frozen ground can be estimated by eittier eq 12 or 
13 if we assume that the ice flow   plastically.  The problem is complicated by the pi.ase tt in- 
siticns that ice undergoes when compressed to 30 kbars at -IOC.  This fact preclude) the cirect use 
MI eq 12 or 13.  A consequence of eq 12 is that the total volume change AFt is the mere sum of 
the volume changes in the component materials, the mineral particles \Vm and the ice \V , i.e. 

.W-Ai'   +AK.. (14) 
■ ID 1 

With knowledge of W   and W   \ls can thus be computed at any pressure and temperature.  Val- 
ues for U'n can be obtained from data given by Brace (1965), Stephens and Lilley (1966), and 
Stephens (1964). 

A general equation for the compressibility of ftozen ground, with porosity as the main pa- 
rameter, can now be derived.  Porosity n is defined as the ratio of the volume of voids l'^' to the 
total volume V s at atmospheric pressure: 

n - F° V* (15) 

For a porous medium saturated with ice, eq 15 becomes 

n - V^/VO (16) 

where v'1 is the volume of ice at atmospheric pressure. 

W, at pressure P is given by 

AF, - nV0
u (1 - vf/vf) (17) 

where v|' v° is the value that can be obtained from Table VII. at any pressure.  The volume of 
the mineral solids r!i ts: ■ 

V0   ^yO     V0 (18) 
m •       1 

and bVm is given by 

w      (^0 .^(ap.ftpz, (19) 
in B        i 
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wliere a and b are compressibility coefficients and P is pressure in kbars.   Values fa a ranne 
from 2.68 . 10"' for quartz to 1.01 M 10*' for auglte (Brace. 1065).  Values for 6 range from 24 M lO'* 
for quartz to 3.0 M 10** for calcite. 

ThH total volume change caused by pressure P is given by 

\VU    »^ ( 1 - vf/vf ) ^ - ^)(«P - bP^. W 

The relative volume ratio I'P/V^ is usuaUy plotted versus P.  Thus 

VP/V^ . A^./l^ - 1 - » (1 - vf/vj*) - (1 - «) ^  f«P + bP*). I2l> 

Figures 14-19 show the compressibilities of saturated frozen Ottawa banding sand and 
West Lebanon glacial till with the predicted compressibilities.  The compressibilities for ice 
obtained from Bridgman's work are used for the prediction. Other than in the regions of the phase 
changes, 'he differences are subtle.  The differences noted at the phase changes are of the same 
nature as those observed for pure ice. However, the ice VI-ice VIII transition appears to begin at 
a higher pressure than expected (22.5 kbars vs 20.8 kbars).  This again may be the result at the 
time-d^pendeat behavior of the reaction.  But it may also be caused by a nonhomogeneous pressure 
distribution; i.e., the time is not sufficient for the pressure on the mineral component and that on 
the ice to equilibrate so the mineral component takes a higher pressure. 

THE COMPRESSIBILITY OF PARTIALLY SATURATED FROZEN GROUND 

By definition, unsaturated frozen ground consists of a mineral phase, a gas phase, and an 
ice phase.  The degree of saturation S is defined as the ratio of the volume of the voids filled 
with ice V°and the total voids volume t^. Thus 

^    S,^. (22) 

Fj can be ezpressed in terms of the total volume V° and the porosity o by 

Ff    S(nF°. (23) 

In an analogy with our analysis for saturated frozen ground, the changes In the volume of 
unsaturated frozen ground can be written as the sum of the true change in the volume of the mineral 
material AF,, of the ice A^ and of the air voids AFt. Thus 

AFi  - AF^   ♦  g;  ♦  AFt. (24) 

In a partially saturated soil, the volume of the air voids F^ is given by 

»1-(»-*.)rt-(»-«.)«»1 m 
We will assume for now that all voids close with slight pressure.  Then 

AF, - Fj     (1 -St)«F^. (28) 
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In an analogy with eq 17, the volume change of the ice at any pressure in an unsaturated 
frozen ground is given by 

\Vi     5,0^   M    vPvf) (27) 

and \Vm is given by 

W   .(K?-l^) (aP • bP*l (28) 
m ■ V 

Hence 

W,    (1    S) n V" . S, n V? (1 - vf/v°) . {V0,    V0
v) (aP . 6P •»>. (29) 

■ 1 > 1 s II n* 

and 

yf/V0    \     \y%y
0

H    1    (l-S,)«-»,!!!    rf/»f)   (I    n)(aP.6P8;.     (30) 

The isothermal compressibility of unsaturated frozen ground is thus .'. function of the degree of 
saturation with ire S, the porosity n. and the isothermal compressibility of ice and mineral par- 
ticles. 

In Figures 20-28, the results for the compressibility of partially saturated Ottawa banding 
sand and West Lebanon glacial till are plotted with ;he predicted compressibility.  The values 
used for a and b in eq 30 were 2.68 < 10'* and 24 M 10'*; P was in kbars.   Specimens with various 
degrees of saturation were tested. 

For the partially saturated (S,  • S>8%) West Lebanon glacial till (Fig 27 and 28) it appears 
that the air void closure occurred at some pressure below 2 kbars.  The air void closure as ob- 
served is somewhat complicated and is partially obscured 'jy the phase change that occurs at 1.11 
kbars.  The predicted compressibility is plotted for comparison.  At the higher pressures there 
appears to be some deviation of the test results from the predicted values.  Moreover, on the 
loading cycle the phase changes nucleate at a higher pressure than predicted. This occurrence 
indicates that complete air void closure has not taken place or, what is more likely, that the 
mineral component is subjected to a greater stress than the ice. This behavior is undoubtedly 
dependent upon the rate of compression. 

The compressibilities for partially saturated Ottawa oanding sand are plotted in Figures 
20-26.  Again the predicted values are shown fv comparison.  It appears that the air void closure 
is not obtained at 2 kbars.  For 75% and 50% saturated specimens closure does not appear to occur 
until approximately 10 kbars. The phase changes art not well defined nor do they appear to be 
complete.  A»,ain. the phase changes nucleate at higher pressures than predicted. On the unloading 
curves the pftase changes appear as predicted, although U»? rate dependence is still in evidence. 
The difference between the test results and the predicted values for the compressibilities of par- 
tially saturatec sand is small (approximately 1% of the initial volume). This difference is well 
within the eipwirontal accuracy. 

It can be observed in the loading curves that a significant pressure is required to close the 
air voids.  The prediction of the closure of the air voids as a function of pressure appears to be 
difficult. 

The compressibility of locks with small cracks or with spherical pores was investigated 
by Walsh (1965 a.b).  He in/estigated analytically the elastic behavior of solids with cracks run- 
ning through them.  Important parameters are the shape and direction of the craok. Small differences 
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in crack length with direction could lead to significant differences in linear compressibility. 
According to Walsh, the hydrostatic pressure necessary to close an elliptic cavity is 

£<i (31) 

where £ is Young's modulus and a is the ratio of minor to major radius of the cavity.  A spherical 
cavity requires a larger pressure for closure. Equation 31 applies to a dry homogeneous rock, or 
to a dry nonhomogeneous rock if E is the Young's modulus of the weakest material.  Equation 31 
also assumes that the cavity is closed by elastic deformation.  If the crack is closed by plastic 
flow or by brittle failure, eq 31 does not apply. 

On the other hand, partially saturated frozen ground consists of ice and an unconsolid-ued 
mineral matrix.  The first reduction in air void volume would occur not by elastic deformation or 
by plastic flow but by rearrangement of the mineral particles.  This would be followed or accompa- 
nied by crushing of the individual particles. The extent of the rearrangement and the crushing 
would be governed by the amount of ice present.  As the mineral particles are being rearranged and 
crushed, the ice would flow plastically. At some pressure the toe would completely fill the voids 
and be subjected to the same overall pressure as the particles.  The compressibility then would 
be governed by the deformation of the mineral particles and the plastic defamation of the ice. 

The pressure at which the air voids close is influenced by the degree of saturation with ice. 
The air voids in soils with a high degree of saturation would close at a relatively low pressure 
while those with a low degree of saturation would require a higher pressure for air void closure. 
Moreover, the rearrangement and crushing may be expected to be more efficient for a wet soil than 
fa a dry soil. 

The Ottawa sand specimen 33 (Fig. 23), with a 25% saturation, exhibits a  somewhat different 
behavior from that of the specimens with higher degrees of saturation. Closure does not appear to 
occur until a pressure of approximately 20 kbars has been reached.  Upon unloading, the test data 
follow the predicted data down to a pressure of approximately 1 kbar. The phase changes are not 
well defined.  This would be expected because of the small volume of ice present.  However, at 
approximately 1 kbar, the test data leave the predicted values and the specimen appears to expand 
elaslically.  Figures 25 and 26 show that the dry Ottawa sand specimens have the same elastic 
expansion fa the low-pressure release curve.  In fact, the dry and 25% saturated specimens release 
to approximately the same relative volume (0.78). This relative volume is the smallest volume 
regardless of the degree of saturation to which Ottawa banding sand can be compressed under the 
test conditions. 

The Ottawa banding sand compressibility curves look much like those reported for dry 
Monterey sand by Stephens and Lilley (1966).  Complete closure of the voids is not obtained and 
the mineral particles defor.n elastically. 

To test the validity of the methods used in reducing the raw data fa the partially saturated 
soils, the first and second compressibilities were calculated fa a fully saturated sand.   The results 
of this comparison (Fig. 29) indicate that the methods used to reduce the data from the first com- 
pression are valid.  However, the phase transition of ice I to water is somewhat obscurer and the 
subsequent phase transitions occur at somewhat high pressures than expected. 

The results of three compression cycles on dry Ottawa banding sand are illustrated in 
Figure 30.  This figure shows that the voids undergo maximum closure during the first compression. 
The first release curve and the additional compression cycles follow nearly the same path.  Thus, 
it appears that the working of the mineral particles and the subsequent breakdown do not result in 
a further change in compressibility. 
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The isothermal coopressibility of indium was determined as an additional check on the 
accuracy of our procedures and equipment. The procedures followed were identical to those used 
for the compressibility of the frozen sand, frozen silt, and ice.  The compressibility of indium was 
compared with that of gold.  The results are given in Figure 31.  Results obtained by Bridgman 
(1935) and Stephens (1967) are shown for comparison. 

CONCLUSIONS 

The compressibility of frozen soil is readily pre.licted from the knowledge of material prop, 
erties such as the degree of saturation with ice, the porosity, and the compressibilities of the 
ice and mineral components.  The behavior of the phase transitions for partially saturated frozen 
soils is somewhat obscured by the rearrangement and crushing of tho mineral particles.   Materials 
with no ice or a low degree of saturation demonstrate elastic rebound on the release leg of the 
compression cycle.  Apparently there is a maximum dry density to which a particular soil can be 
compressed, and this density is somewhat less tian that of the voidless mineral parent. 

The compressibility of ice is as predicted bv Bridgman (1911, J937).  However, time-depend- 
ent behavior is demonstrated for the phase transitions.  Complete phase transitions were not 

observed at constant pressure. 

The compressibilities in the low-pressure region (below 2 kbars) were not well defined. 
This is primarily a result of the test metliod.  A technique employing a liquid cell in the low- 
pressure region is being pursued and the results will be reported later. 
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